Since the 1950s, Heisenberg and others have addressed the problem of how to explain the appearance of countable particles in continuous fields 1 . Stable localized field configurations were searched for an ingredient for a general field theory of elementary particles, but the majority of nonlinear field models were unable to predict them. As an exception, Skyrme succeeded in describing nuclear particles as localized states, so-called 'skyrmions' 2 . Skyrmions are a characteristic of nonlinear continuum models ranging from microscopic to cosmological scales 3-6 . Skyrmionic states have been found under non-equilibrium conditions, or when stabilized by external fields or the proliferation of topological defects. Examples are Turing patterns in classical liquids 7 , spin textures in quantum Hall magnets 8 , or the blue phases in liquid crystals 9 . However, it has generally been assumed that skyrmions cannot form spontaneous ground states, such as ferromagnetic or antiferromagnetic order, in magnetic materials. Here, we show theoretically that this assumption is wrong and that skyrmion textures may form spontaneously in condensed-matter systems with chiral interactions without the assistance of external fields or the proliferation of defects. We show this within a phenomenological continuum model based on a few materialspecific parameters that can be determined experimentally. Our model has a condition not considered before: we allow for softened amplitude variations of the magnetization, characteristic of, for instance, metallic magnets. Our model implies that spontaneous skyrmion lattice ground states may exist generally in a large number of materials, notably at surfaces and in thin films, as well as in bulk compounds, where a lack of space inversion symmetry leads to chiral interactions.
Since the 1950s, Heisenberg and others have addressed the problem of how to explain the appearance of countable particles in continuous fields 1 . Stable localized field configurations were searched for an ingredient for a general field theory of elementary particles, but the majority of nonlinear field models were unable to predict them. As an exception, Skyrme succeeded in describing nuclear particles as localized states, so-called 'skyrmions' 2 . Skyrmions are a characteristic of nonlinear continuum models ranging from microscopic to cosmological scales [3] [4] [5] [6] . Skyrmionic states have been found under non-equilibrium conditions, or when stabilized by external fields or the proliferation of topological defects. Examples are Turing patterns in classical liquids 7 , spin textures in quantum Hall magnets 8 , or the blue phases in liquid crystals 9 . However, it has generally been assumed that skyrmions cannot form spontaneous ground states, such as ferromagnetic or antiferromagnetic order, in magnetic materials. Here, we show theoretically that this assumption is wrong and that skyrmion textures may form spontaneously in condensed-matter systems with chiral interactions without the assistance of external fields or the proliferation of defects. We show this within a phenomenological continuum model based on a few materialspecific parameters that can be determined experimentally. Our model has a condition not considered before: we allow for softened amplitude variations of the magnetization, characteristic of, for instance, metallic magnets. Our model implies that spontaneous skyrmion lattice ground states may exist generally in a large number of materials, notably at surfaces and in thin films, as well as in bulk compounds, where a lack of space inversion symmetry leads to chiral interactions.
Hobart and Derrick established with general arguments that particle-like configurations are not stable in the majority of nonlinear field models 10, 11 . However, a few exceptions have been found. Skyrme showed that particle-like excitations of continuous fields exist in the presence of certain nonlinear interactions 2 . As a drawback, the interactions considered by Skyrme are physically not transparent, because they involve higher-order derivative terms that are technically intractable. Therefore, Skyrme's approach is not viable in the context of simple ordered states in condensed matter that are ruled by short-range interactions. In contrast, a physically transparent exception to the Derrick-Hobart theorem has been recognized in systems with broken inversion symmetry, where chiral interactions lead to skyrmion excitations in condensed matter systems [12] [13] [14] . Chiral interactions exist in many different systems, such as (1) spin-orbit interactions in non-centrosymmetric materials, also referred to as Dzyaloshinsky-Moriya interactions 15 , (2) in non-centrosymmetric ferroelectrics, (3) for certain structural phase transitions, (4) in chiral liquid crystals, and (5) in the form of Chern-Simons terms in gauge field theories (see section V of the Supplementary Information or http://xxx.lanl.gov/abs/cond-mat/0603104 for references). Yet, it was concluded that spontaneous skyrmion ground states are not stable, and can only be induced by an appropriate applied field 13 or the proliferation of topological defects 9 . Finally, a different mechanism has been found in quantum Hall ferromagnets. Here, charge, as an additional degree of freedom, allows us to stabilize skyrmions in an external field. As for the other examples, skyrmions in quantum Hall ferromagnets do not form spontaneous ground states.
We studied magnetic skyrmions that are driven by chiral interactions, because the magnetism of condensed-matter systems provides perhaps the richest setting of physics problems in which different kinds of chiral interactions exist. In a phenomenological quasi-classical continuum approximation we considered systems with a hierachy of well-separated energy and length scales, where ferromagnetic exchange favouring spin alignment is the strongest scale, followed by chiral interactions favouring spin rotations on intermediate scales, and magnetic anisotropies and dipolar interactions that determine favourable directions of spins as the weakest scale. The model hence specifically addresses intermediate length scales, that is, it applies to modulations with typical lengths of a few hundred up to several thousand angströms observed in many chiral helix magnets [14] [15] [16] . The magnetic free energy density is written in the form:
where the first and second term in A and hA (where h, A . 0), respectively, describe the magnetic stiffness, with n being a unit vector along the magnetization, m ¼ mn. As discussed in detail in the Supplementary Information, the gradient terms describe additional softening of the amplitude of the magnetization for h , 1. Values of h for EuS, Ni and MnSi of 0.925, 0.65 and 0.4, respectively, underscore the importance of our predictions in real materials. The third term f D ðmÞ ;DLðmÞ in the free energy describes the chiral interactions, where the Dzyaloshinsky-Moriya constant D determines its handedness and strength. The Dzyaloshinsky-Moriya interactions can be expressed in terms of so-called Lifshitz invariants: that is, linear, antisymmetric gradient terms of the magnetization L ðkÞ ij ¼ ðm i › k m j 2 m j › k m i Þ; where i, j, k are combinations of cartesian coordinates x, y, z that are consistent with the symmetry class of the system under consideration. The fourth term f 0 (m) includes nongradient terms of the free energy and may be expanded according to Landau theory in even powers of m. We neglect weaker contributions such as magnetic anisotropies or dipolar interactions, and address their importance in the discussion of our results.
Expanding the contribution f 0 (m) according to Landau theory for small values of m as f 0 ¼ a(T 2 T C )m 2 þ bm 4 þ .… leads, in the absence of chiral interactions (f D ¼ 0), to the conventional Curie temperature T C of centrosymmetric systems. Thus, when the temperature drops below T C , the energy density of a ferromagnetically spin-aligned state is lowest. Chiral interactions (f D , 0) favouring rotations of the moments with respect to each other reduce the energy density further. This stabilization of twisted magnetic states occurs only by the competition of the Dzyaloshinsky-Moriya interactions with the exchange, expressed by the form of the gradient energy. Therefore, the exact form of f 0 (m) is not decisive for the stability of skyrmions. In particular a form of f 0 (m) that includes higher-order terms with b , 0 and a stabilizing term m 6 for a firstorder transition will change only quantitative relations and details of the phase diagram. Possibly, it may lead to discontinuous nucleation of magnetized states. Figure 1 illustrates the twisted magnetic structures with rotating magnetization and the associated energy densities. For rotations along a single given direction, shown in Fig. 1a , the reduction in energy density, shown in Fig. 1d , is uniform. The transition to the ferromagnetic state is consequently preempted by a transition to a one-dimensionally modulated state at a temperature:
As shown in Fig. 1b and d, rotations of the magnetization in two dimensions reduce the energy density even further near its nucleation point at the centre of the cylindrical structure r ¼ 0. Considering only the energy reduction at r ¼ 0, we obtain an upper limit for the temperature T D for the onset of this so-called double-twisting:
The ratio A/D measures the pitch of the chiral modulations in the ordered helical state, while D/a measures the chirality of magnetic fluctuations in the paramagnetic state. Hence, D/a is related to a chiral component of the susceptibility. The parameters a and b are the initial susceptibility and mode coupling parameter, respectively. This permits estimates of T h and T D from experiments. As shown in Fig. 1d , the energy reduction due to a double-twist is no longer uniform. In fact, for fixed magnetization amplitude the energy reduction turns into an excess of the energy density at larger distances r from the centre, which outweighs the initial reduction. This destabilizes the double-twist structure altogether, which is the reason why magnetic skyrmions prior to the work reported here were believed to be unstable. Skyrmion textures may only form spontaneously when no additional energy is required for double-twist rotations at large r. The latter may be achieved by permitting the magnitude of the moment to be soft. As shown in Fig. 1c and 1d , skyrmions under these conditions have the lowest energy density, when the moment decreases with increasing distance from the centre.
The results of a comprehensive numerical analysis of the free energy are summarized in Figs 2 and 3 (see equation (1) and the Methods section). This analysis establishes rigorously that stable cylindrical skyrmions form spontaneously in a finite temperature interval T t , T , T s of the phase diagram Fig. 2 , where the limits T h and T D are also marked. The magnetic structure of the skyrmions is characterized by a magnetization vector m ¼ (m, v, w) that rotates outward from the axis in all directions, while the modulus m(r) shrinks and decreases towards the boundary of the tube at radius R (Fig. 1c ). The amplitude of the local magnetization m(r) vanishes continuously when approaching T s from below, as shown in Fig. 3 . Thus, the skyrmion nucleation and the formation of the skyrmion texture coincide. The increase of the magnetization with decreasing temperature drives the transition from the skyrmion phase to the uniform helix phase at a lower temperature T t . The transition into a one-dimensionally modulated state by transforming the structure in Fig. 1b or in Fig. 1c into the helix Fig. 1a cannot be performed by a smooth deformation of the skyrmions, because these two textures have different topologies. For this reason, a first-order transition is generally expected at a temperature T t . In the phase diagram, the transition line T t has been determined from the approximate condition that the average energy of the circular skyrmion cell is equal to that of the helix. The skyrmion phase vanishes as T s ! T t in the limit h ! 1. Fig. 1c . Above the ferromagnetic Curie temperature T C two characteristic temperatures, equation (3), rule the phase diagram: T D for the instability against double twisting and T h for the formation of the helical phase. The skyrmion phase is stable between the line T s (h) for the continuous transition into the paramagnetic phase and the line T t (h) for the first-order transition into the helix. The helical phase exists as a metastable phase between T h and T t (h). The first-order line T t (h) has been calculated for models with b ¼ 0.05.
In a chiral magnet, the formation of an extended skyrmion condensate is now subject to: (1) weak residual magnetic anisotropies and dipolar interactions in the crystalline environment, and (2) the magnetization in the regime joining the skyrmion tubes. Under the most favourable conditions, the skyrmion condensate may form a regular lattice in analogy to the vortex lattice of type-II superconductors. In fact, there exists a fundamental analogy between magnetic skyrmion lattices and Abrikosov lattices. The formation of stable spatially modulated states in superconductors and in magnets can be justified by the concept of negative domain wall energies 14, 17, 18 .
We illustrate the stability of a skyrmion condensate for this case by the full solution for an extended state in an isotropic system in two dimensions. We note that the solution as shown in Fig. 4 applies also to three-dimensional systems, when the solutions are artificially constrained to remain homogeneous in the third spatial direction (perpendicular to the plane shown in Fig. 4 ). The structure of this solution shows in particular that the core region of the skyrmions is unaffected, as stated above, while the magnetization between the skyrmions mediating their interactions does not even need to be strictly zero for the skyrmion lattice to become the ground state.
The spontaneous formation of skyrmions applies to all symmetry classes without inversion centre, because the modulus of the magnetization m and the polar angle v-which control the energetic stability of the skyrmions, and are given by equations (7) and (8) in the Methods section, respectively-are identical for all relevant symmetry classes (see refs 12 and 14 for a discussion). In contrast, the behaviour of the azimuthal angle w affects only the manner of rotation of the magnetic moments in the radial direction. General considerations of the stability of localized textures for chiral magnets suggest that droplet-like skyrmions are not stable in three dimensions 12 . Therefore, we believe that the two-dimensionally localized skyrmion tubes discussed so far will form extended ground-state condensates in three-dimensional systems. However, in a three-dimensional environment bending and terminating skyrmion tubes imposes a cost in energy that determines the nature of the condensate. We therefore expect that the skyrmion condensate in isotropic three-dimensional materials may have a liquid-like or amorphous appearance driven by the frustration between preferred orientations and their elastic interactions in the condensed structure.
Our study was inspired by the recent discovery of a non-Fermi liquid phase and partial magnetic order in the cubic itinerantelectron helimagnet MnSi (refs 19, 20) . A very detailed discussion of the possible relevance of the predicted spontaneous skyrmion ground state in MnSi is given in the Supplementary Information. We note that recent theories on the partial magnetic order in MnSi by Tewari et al. 21 and Binz et al. 22 also suggest inhomogeneous twisted states with modulated amplitude, however without identifying the basic mechanism of stable skyrmions in such textures. More importantly, the elementary mechanism for a ferromagnet (illustrated in 1 ) applies to any chiral system with a tendency to form twisted structures. In particular, our model also applies to antiferromagnetic crystals with chiral symmetry by replacing the magnetization with a staggered antiferromagnetic vector order parameter 23 . Owing to the broken inversion symmetry at the surfaces of magnetic materials 24, 25 , thin films and interfaces are the largest class of condensed-matter systems in which skyrmion condensates may form spontaneously. Appropriate metallic films of this kind have not been investigated in detail in the regime of interest, for which the predicted appearance of a possible spontaneous skyrmion ground state is shown in Fig. 4 .
For a periodic skyrmion lattice neutron scattering will show longrange order akin to the vortex lattice in superconductors, while the scattering intensity of an amorphous arrangement will be akin to partial order in liquid crystals 26 . In the bulk properties subtle evidence for the predicted intermediate phase is expected, when going from paramagnetism to helical magnetic order (quantitative examples for the size of the temperature interval are given in the Supplementary Information) . Real-space imaging of magnetic textures by magnetic force microscopy, spin-sensitive tunnelling, magnetic X-ray microscopy, and Lorentz transmission electron microscopy are finally expected to provide evidence of skyrmion lattices akin to vortex lattices in the Shubnikov phase of superconductors. The helical structure in the chiral magnet (Fe, Co)Si was recently imaged directly 27 , because of the exceptionally long helix period in this material, but the technique may introduce uncontrolled strains that interfere with the intrinsic properties. It is to be expected that the resolution of improved imaging techniques will soon be sufficient to take pictures of the skyrmions predicted here.
Our calculations shed new light on a seminal result by Wright and Mermin 9 , which is believed to prove the absence of skyrmion ground states akin to the blue phases of liquid crystals in chiral ferromagnets 9, 28 . However, the argument by Wright and Mermin is limited to h ¼ 1, so our results for h , 1 establish the possible existence of blue phases in chiral ferromagnets. Whereas the blue phases in chiral liquid crystals are stabilized by topological defects in the form of disclination lines, which do not exist in magnetic systems, skyrmion textures in chiral magnets emerge instead as a condensate of strictly localized skyrmions with lines or sheets of vanishing magnetic order between them (Fig. 4) . Fluctuations and the competition between different frustrated couplings entail the possibility of internal transitions between various textures with liquid, glassy or lattice-like organization of skyrmions. Thus, the predicted magnetic skyrmion textures promise rich phase diagrams, similar to those of liquid crystals and Abrikosov lattices of flux-lines in type-II superconductors 17 .
METHODS
Cubic noncentrosymmetric magnets (for example, MnSi and other B20 compounds 16 ) belong to the crystallographic class T. For this class the Dzyaloshinsky-Moriya energy is 13) . The structure of the cylindrically symmetric skyrmions is given by solutions of the Euler equations for the free energy equation (1) . The magnetization vector m ¼ (m, v, w) is aligned along the cylinder or z axis in the skyrmion centre, r ¼ 0. In cubic and uniaxial systems solutions for a skyrmion homogeneous along the z direction are given by m(r), v(r), w ¼ signf þ f 0 , where sign ¼ þ or 2 and f 0 is a constant, both determined by the specific symmetry class 13, 14 . The dependence m(r) and v(r) describes the variation of the amplitude of the magnetic moments and their angle as function of the distance r to the cylinder axis in cylindrical coordinates, respectively. After substitution of the solutions for w(f) and an integration with respect to z and f the energy of the skyrmion is reduced to the following functional F s ¼ 2pL Ð 1 0 f s ðm; vÞrdr with energy density: where L is the length of the skyrmion along the z direction, and the spatial coordinate r is measured in q 21 0 units. The Euler equations for the functional (6) with the boundary conditions v(0) ¼ 0, m(0) ¼ m 0 , m(R) ¼ 0, describe the structure of the isolated skyrmion and yield the energy as a function of m 0 and R. The equilibrium skyrmion profiles are derived by minimization of F s ðm 0 Þ with respect to m 0 and R; the radially integrated energy densities of the vortices per lengths (Fig. 1d ) are given by wðrÞ ¼ ð2=r 2 Þ Ð r 0 Ð s ðm; vÞrdr: Full solutions for extended two-dimensional models have been constructed numerically using a finite-difference scheme on rectangular lattices with dynamically optimized lattice parameters and periodic boundary conditions. The search for groundstates and checks on their stability were done using a continuous variable Monte Carlo simulated annealing method and mesh-refinement.
The unit length used throughout this paper is 1/q 0 , which is the inverse of the twisting length in chiral magnets with Dzyaloshinsky-Moriya couplings. Energy and temperature are given in equivalent units of D 2 /(2Aa) as in equations (2) and (3).
